MISZZ 
Exploring Mathematics 


> 
= 
Wn 
= 
@ 
ee 
= 
=) 
c 
7) 
a. 
O 
w 
fa 
— 


Exercise Book A 


Contents 


Exercises for Chapter Al 3 
Exercises for Chapter A2 3 
Exercises for Chapter A3 5 
Solutions for Chapter Al 7 
Solutions for Chapter A2 9 
Solutions for Chapter A3 15 


The exercises in this booklet are intended to give further practice, should 
you require it, in handling the main mathematical ideas in each chapter of 
MS221, Block A. The exercises are ordered by chapter and section, and are 
numbered correspondingly: for example, Exercise 5.2 for Chapter Al is the 
second exercise on Section 5 of that chapter. 


Exercises for Chapter Al 


Section 1 


Exercise 1.1 


Rationalise the denominator of each of the following 
fractions. 
1 
a —__—— 
oy a 7 
V2 


V17+ V2 


Exercise 1.2 


(b) 


For each of the following quadratic equations, find 
the sum of the solutions, the product of the 
solutions, and the sum of the cubes of the solutions, 
without solving the equation. (Use the identity 


(a+ 6) = a3 + 3a8(a + B) + B.) 
(a) 2+52—-7=0 
(b) 522 —92+1=0 


Section 3 


Exercise 3.1 


Find a closed form for each of the following 
sequences. 
(a) Uo = 3, U= ths 
Un+t2 = 5Un+1 + 6Un (n= 0,1,2,...) 
(b) uo = 5, U1 = 20, 
Unt2 = —8Un41 —16un, (n =0,1,2,...) 
(c) Uo = 4, Ut = 6, 
Unt2 =1.8Un11—0.77u, (n=0,1,2,...) 


Section 5 


Exercise 5.1 
(a) Show, by substitution, that the sequence 
Un = 7" —(-5)") (n=0,1,2,...) 
satisfies the recurrence system 
uo = 0, uy = 12, 
Un+2 = 2Un41+35u, (n=0,1,2,...). 


(b) Show, by substitution, that the sequence u,, in 
part (a) satisfies the Cassini-type identity 


Un—1Uasi — us = —144(-35)""1, 


fOr ny; = 15253 cess 


Exercise 5.2 


(a) Show, by substitution, that the solution to 
Exercise 3.1(a) satisfies the identity: 
Un—1Un+1 — uz = 110(—6)""?, 
for n= 1,253). 2. 


(b) Show, by substitution, that the solution to 
Exercise 3.1 (b) satisfies the identity: 
2 = —100 x 16”, 


Un—1Un+1 — U 


for. = 1253p 


Exercise 5.3 


(a) Use the Fibonacci recurrence relation to prove 


that 
1 1 
Foi Faye Pag Page’ 
forn = 0,1,2,.... 


(b) Use part (a) and telescoping cancellation to 
deduce the identity 


Hh AL, m® 4) 
Pi Fg Fok Fy4iFn+e2 Fr42’ 
forn = 0,1,2,.... 


Exercises for Chapter A2 


Section 2 


Exercise 2.1 


Rearrange each of the following equations in the form 
of the equation x?/a? + y?/b? = 1 and sketch the 
corresponding ellipse. 

(a) 9x? + 49y? = 441 


(b) 6x? + 12y2? -3=0 


Exercise 2.2 


Rearrange each of the following equations in the form 
of the equation x?/a? — y?/b? = 1 and sketch the 
corresponding hyperbola. 


(a) 9x? — 25y? = 225 
(b) 3y? + 12 — 36x27 = 0 


Exercise 2.3 


Rearrange the following equation in the form of the 
equation y? = 4az and sketch the corresponding 
parabola. 


16x — 8y? = 0. 


Exercise 2.4 

Write down the equations of the following conics, 

given that each is in standard position. 

(a) The ellipse with vertices (11,0), (—11,0), (0,10), 
(0, —10). 


(b) The hyperbola with vertices (5,0), (—5,0) and 
asymptotes y = +22. 


(c) The parabola including the point (1, —6). 


Section 3 


Exercise 3.1 


(a) For each of the following ellipses, find the foci, 
directrices and eccentricity, and mark the foci 
and directrices on a sketch of the ellipse. (You 
sketched these ellipses in Exercise 2.1 above.) 

(i) 9x? + 49y? = 441 
(ii) 62? + 12y? -3=0 

(b) The points (Fz 0) and (0,—4) are on the ellipse 
6x? + 12y? —3 = 0. You have found the foci 
FF’, directrices d,d' and eccentricity e of this 
ellipse in part (a)(ii) above. Verify that the 
properties PF = ePd and PF” = ePd' both hold 
at each of these points. 


Exercise 3.2 


For each of the following hyperbolas, find the foci, 
directrices and eccentricity. (You sketched these 
hyperbolas in Exercise 2.2 above.) 


(a) 9x? — 25y? = 225 
(b) 3y?+12- 362? =0 


Exercise 3.3 


Find the focus and the directrix of the following 
parabola and indicate them on a sketch of the 
parabola. (You sketched this parabola in Exercise 2.3 
above.) 


16x — 8y* =0 


Exercise 3.4 


For each of the following conics in standard position, 
you are given some of the information about its foci, 
directrices and eccentricity. Use the fact that the 
conic is in standard position to find the equation of 
the conic. 


(a) The conic with a focus at (6,0) and eccentricity 
0.6. 


b) The conic with a directrix x = 4+ and 
3 
eccentricity 6. 


(c) The conic with a focus at (5,0) and a directrix 


r= 5. 
(d) The conic with a focus at (2,0) and a directrix 
x= 8. 


Exercise 3.5 


Let P be the point (x,y), F the point (18,0) and d 
the line x = 2. 


(a) Write down expressions for the distances PF 
and Pd. 


(b) Suppose that the point P(x, y) satisfies 
PF = 3Pd. Use your answer to part (a) to find 
an equation satisfied by P(a,y) and show that 
this equation can be rearranged to give the 
equation of a hyperbola in standard position. 


Section 4 


Exercise 4.1 


Classify each of the following quadratic curves as an 
ellipse, parabola or hyperbola, and then sketch each 
curve. 


(a) 36a? — 25y? — 72x — 100y — 964 = 0 
(b) 4a? + 8y? + 4r + 48y + 41 =0 
(c) y2- 127+ 8y +40 =0 


Section 5 


Exercise 5.1 


Classify each of the following quadratic curves as an 
ellipse, parabola or hyperbola and then write down a 
parametrisation for each curve. 


(a) x—2y?=0 
(b) 32? — 27 + 36y? =0 
(c) 7x2 —4y?=1 


Exercise 5.2 


Use the solution to Exercise 4.1 to write down 
parametric equations for each of the following 
quadratic curves. 


(a) 36x? — 25y? — 722 — 100y — 964 = 0 
(b) 4x? + 8y? + 4x + 48y + 41 = 0 
(c) y2— 122+ 8y + 40 =0 


Exercise 5.3 


For each of the following conics given by parametric 
equations, write down the eccentricity of the conic. 
(a) e=4cost, y=V7sint (0<t<2z) 

(b) #=50.. y= 10¢ 
(c) w= —74+4sect, y=6+3tant 


1 1 1 3 
(=—r<t< a7, 51 <t< 57). 


Exercises for Chapter A3 


Section 1 


Exercise 1.1 


Let K be the hyperbola in standard position 
2 2 
Oe Si 
3 2 


and L the quadratic curve 
(c—5)?  (y+1)? © 


iy Ata | 
3 2 
(a) Find the translation function t which maps K 
onto L. 


(b) Find the translation function which maps L onto 
K, 


Exercise 1.2 


Write down a parametrisation function for each of 
the following curves. 


(a) the circle (a +4)? + (y—1)? =9 


ey? 
b) the ellipse —+—=1 
(b) the ellipse 7 + 3 
ey? 
(c) the left branch of the hyperbola poe 1 


Exercise 1.3 


This exercise concerns the quadratic curve L with 
equation 


go + Qy? + Qa — By = 7. 


(a) Find the translation function that maps the 
quadratic curve L onto a conic K in standard 
position. Write down the equation of K. 


(b) Write down the translation function that 
maps K onto L. 


(c) Find a parametrisation function (or functions) 
for the quadratic curve L. 


Section 2 


Exercise 2.1 


Express each of the following translations in the 
form ty q- 


(a) The inverse of t_7,9. 


(b) The composite to,4 0 t_31. 


Exercise 2.2 


Express each of the following rotations in the 
form rg, where @ lies in the interval (—7, 7]. 


(a) The inverse of r_o,/7. 


(b) The composite r57/6 ° Tax/3- 


Exercise 2.3 


Give a definition in two-line notation of each of the 
following isometries. 


(a) A translation nine units to the right and four 
units down. 


(b) A translation which maps the point (2,4) to 
(4, 2). 


(c) A clockwise rotation through an angle of $7 
about the origin. 


(d) A reflection in the line @ through the origin 
making an angle on with the positive x-axis. 


Exercise 2.4 


Determine the rule of each of the following composite 
isometries. 


(a) t1,-2°T_3mn/2 
(b) r_gn/2 0 t1,—2 
(c) Tox/2°Un/4 
(d) In/4 OT —n/2 


Exercise 2.5 


Let T be the triangle with vertices (—2,—1), (—1, 1) 
and (2,0). 


(a) Calculate the images of these vertices under each 
of the isometries t_1.3, rz and qo. 


(b) Hence sketch t_13(T), rx(T) and qgo(T). 
(c) Determine the rule of the composite isometry 
f =1T7,O t_1,3. 


(d) Use your answer to part (c) to calculate the 
images of the vertices of T under f and hence 
sketch f(T). 


Exercise 2.6 


Let h be the transformation that reflects the plane in 
the x-axis and let k be the transformation that 
reflects the plane in the y-axis. 


(a) Give definitions in two-line notation of h and k. 


(b) Use your answer to part (a) to determine the 
composite transformation ho k and give a 
geometric interpretation of ho k. 


Exercise 2.7 
Determine the composite go f, where 

f:R? —R 
(x,y) > (—2,y) 


Give a geometric interpretation of f and g, and 
hence of go f. 


ana R? — R? 


Section 3 


Exercise 3.1 


Use the exact values of sine, cosine and tangent of 
the angles on and am to determine exact values for 
the sine, cosine and tangent of or. 


Exercise 3.2 


(a) Use the double-angle formula for tan(20) with 
d= a to determine the exact value of tan (am). 


(b) In Section 3 of Chapter A3, it is shown that 


sin (=m) = s\/ 2- V2, 


cos (37) = 5 24/2, 


(x,y) = (x,y — 3). 


from which it follows that 
1) sin (gn) 
tan (47) = fos lal (Fn) 


V2-/2 


F44/2 
Your answer to part (a) will probably look very 
different from this, so explain why the answers 
are actually the same. 


Exercise 3.3 

Find sin(20), where @ is the angle in the interval 
(—$7,0) for which cos 6 = . 

Exercise 3.4 

Find cos @ and sin @, where @ is the angle in the 
interval (57,7) for which sec(20) = 5. 

Exercise 3.5 


(a) By using the sum and difference formulas for 
sin(¢ + 8) and sin(¢ — 6) with ¢ = $(A+ B) and 
0 = 4(A— B), derive the formula 


sin A + sin B = 2sin($(A + B)) cos($(A — B)). 


(b) Adapt the method of part (a) to derive the 
formula 


sin A — sin B = 2cos($(A + B)) sin($(A — B)). 


Exercise 3.6 


By writing cos(30) as cos(20 + @) and using 
appropriate formulas from Section 3 of Chapter A3, 
derive the formula 


cos(30) = 4 cos* 6 — 3cos 0. 


Section 4 


Exercise 4.1 


Use the strategy of Section 4 of Chapter A3 to sketch 
the quadratic curve L with each of the following 
equations. 


(a) a? + dry — y? —4V5 =0 
(b) 827 —4V/32y + 4y? -2=0 
(c) 3x? + 2ay + 3y? -2=0 


Solutions for Chapter Al 


Solution 1.1 


(a) On multiplying numerator and denominator by 


1+ <5, we obtain 
1 1+ V5 


i=95  G= vo ayo) 
_1+Vv5 
a =5 


= -1(1+ V5). 


(b) On multiplying numerator and denominator by 


V17 — V2, we obtain 


v2 VV 17 - v2) 
Vi7+ V2 (V17+ V2)(V17 — V2) 
_VH-2 
i729 
= +(V34 — 2). 


Solution 1.2 


(a) In this case, 


atf=-2=-5 and op = =-1. 


Therefore 
a? +B = (at 8)? — 306(a + B) 
= (—5)? — 3(—7)(—5) = —230. 
(b) In this case, 


-9 9 1 
Rite mi oe and af = 5. 
Therefore 


a® + 8 = (a+ 8)? — 3a8(a + B) 


(0) 9@)@)-8 


(a) The auxiliary equation is 


r? —5r —6 = (r —6)(r +1) =0. 


Solution 3.1 


This has solutions r = 6 and r = —1. 
Thus the general solution is 
Un = Ab" + B(-1)”, 
where A and B are constants. 
To find A and B, we use the initial terms: 
uo =3 gives A+B=3, 
uj=7 gives 6A-—B=7. 


Hence A= 2, B= 4, so 
Un = 6" + (—-1)”. 
The auxiliary equation is 
r? +8r+16 = (r +4)? =0. 
This has the (repeated) solution r = —4. 
Thus the general solution is 
Un = (A+ Bn)(—4)", 
where A and B are constants. 
To find A and B, we use the initial terms: 
Uo =5 gives A=5, 
ur =20 gives (A+ B)(—4) = 20. 
Hence A = 5, B = —10, so 
Un = (5 — 10n)(—4)”. 
The auxiliary equation is 
r? —1.8r+0.77=0. 
By the formula, 


_ —(-1.8) + (C182 — 4x1 x 0.77 
— 2x1 


1.8+ 0.16 
2 
1840.4 
39? 
so the solutions are r = 1.1 and r = 0.7. 


Thus the general solution is 
Un = A(1.1)" + B(O.7)”, 
where A and B are constants. 
To find A and B, we use the initial terms: 
uo =4 gives A+B=4, 
uy =6 gives 11A44+0.7B=6. 
Hence A = 8, B = —4, so 
Un = 8(1.1)” — 4(0.7)”. 


Solution 5.1 


(a) First checking the initial terms, we have 


ug = 7° — (-5)° =1-1=0, 
uy = 7' — (-5)' = 7 — (—5) = 12, 
as required. 
To show that the recurrence relation 
Un+2 = 2Un41 + 35Un 


is satisfied, we substitute for un+2 in the LHS 
and for uj; iand wu, in the RHS and show that 


the two sides are equal. We have 
LHS =t,45 = 7°? —(—5)"" 
= 49 x 7” — 25(—5)”; 


RHS = 2un41 + 35un 
= 2(7°+! — (—5)"+") + 35(7" 
= 2(7x 7" +5 x (—5)") + 35(7” 
= 49 x 7” — 25(—5)”. 
So LHS = RHS. 


(b) We substitute for up—1, Un+1 and uy, in the 
LHS, wn—1Un+1 — u2, and show that the result 
simplifies to —144(—35)"~1, which is the RHS. 
We have, for n = 1, 2,3,..., 

Un—1Un+1 = ( _ (—5)"~*) 
x (cur = (—5)"+?) 
= yan _ 77-15)" 
= (—5)? 171 4 (—5)?", 
and 
up = (7™—(—5)")” 
= yan = 2(7"(—5)”) 4 (—5)?". 
Therefore, after cancelling, 
LHS = T= 
x (—(—5)? — 77 +2 x 7 x (-5)) 
= (—35)"—1(—25 — 49 — 70) 
= — 144(-35)""* = RHS, 


as required. 


Solution 5.2 


(a) We use the closed form un = 26" + 4(-1)”, 
from Exercise 3.1(a). We substitute for u, in the 
LHS, wn—1Un+41 — u2, and show that the result 
simplifies to 110(—6)"~1, which is the RHS. We 
have, for n = 1,2,3,..., 

Un—-1Un41 = (for + _ —1)""") 


x (2or*? zo 44 (-1)"*") 


= (2)* 6 
+(2) (Bory 
+B) (Pato 
+ (2)? (-1)", 
and 
u2 = (er 4 (-1)")’ 


Therefore, after cancelling, 


LHS = (3) (#) (-y 16" 
x ((-1)? + 6? — 2(—-1)6) 
mw) (-1)"~*6"""(1 + 36 + 12), 
= (42) (-1)""'6""t x 49, 
= 10x 11 x (-1)""'6"“" 
= 110(—6)""* = RHS, 


| 
— 

am 
5 
os 


as required. 


(b) We use the closed form uy, = (5 — 10n)(—4)”, 
from Exercise 3.1(b). We substitute for wp in 
the LHS, un_1Un+1 — u2, and show that the 
result simplifies to —100 x 16”, which is the 
RHS. We have, for n = 1,2,3,..., 

Un—1Un+1 = (5 — 10(n — 1))(—4)""" 
x (5 —10(n + 1))(—4)""? 
= (15 — 10n)(—5 — 10n)(—4)?” 
= (—75 — 100n + 100n”)(—4)?", 


and 
u2 = (5 — 10n)?(—4)?" 
= (25 — 100n + 100n?)(—4)?". 
Therefore, after cancelling, 


LHS = — 100(—4)”" 
= — 100 x 16” = RHS, 


as required. 


Solution 5.3 


(a) Putting the LHS of the required identity over a 
common denominator gives: 


iL 1 Fn42- Frnt 
Fog Pose “‘Peaahis 
— Fn 
FuyiFnt+e 


(as Fry42 = Prat 7 Fy) 
which is the RHS of the identity. 
(b) The identity in part (a) gives the n+ 1 equations 


FR 11 
RR FL Fy 
o_o! 
BR KF 
Fy 1 1 


P3ky F3 Fy 


Fn il iF 
Fysifn+e 


If we add these equations, then 
” on the LHS, we obtain the sum 
Fo Fy Fy 
PiPQ PLP Frsifnte 
” on the RHS, we obtain 


: : by telescoping cancellatio 
— - — , escoping cancellation. 
FL Frye * = 
Since F, = 1, 
Fo Fy i 1 
FiFy  FoFS Fr4iPn+e Frn42 
for n = 0,1,2,..., as required. 
Solution 2.2 
(a) On dividing 9x? — 25y? = 225 throughout by 
225 (to give 1 on the RHS), we obtain 
ay? a2? 
ar ie that is, 52 gel 
Solutions for Chapter A2 This is in the form of the equation 
x? /a? — y?/b? = 1, with a =5 and b= 3. The 
asymptotes are the lines y = tx. The graph of 


Solution 2.1 


(a) On dividing 9x? + 49y? = 441 throughout by 
441 (to give 1 on the RHS), we obtain 


the hyperbola is as follows. 


y? 


2 2 
y . ns = 

9° Gg that is, mt al. 

This is in the form of the equation 

x? /a? + y?/b? =1, with a= 7 and b=3. The 


graph of the ellipse is as follows. 


YA 
(0, 3) 
(-7, 0) (7,0) * 
(b) First rearrange the equation 3y? + 12 — 362? = 0 
(0, -3) so that the constant term appears as a positive 


number on the RHS of the equation: 
36x? — 3y? = 12. Next rearrange the equation so 
that 1 appears on the RHS of the equation: 


(b) First rearrange the equation so that the constant 342 2 = 1; 
term appears on the RHS of the equation. On ; = 
dividing 6x? + 12y? = 3 throughout by 3 (to give that is, 

1 on the RHS), we obtain ay? 
2 y? is 4 1, 


x 
2¢7+4y?=1; that is, ————4+——=1 
(1/V2)?_ (1/2)? 
This is in the form of the equation 
a? /a? + y?/b? =1, with a= 1//2 ~ 0.71 and 
b = 1/2. The graph of the ellipse is as follows. 


10 


or 


2 y? 


(1/v3)2 
This is in the form of the equation 
a? /a? — y?/b? = 1, with a = 1/3 ~ 0.58 and 
b= 2. The asymptotes are the lines 
2 
= ET = +2/32. 
TB 


Now 2/3 ~ 3.46 and so the graph of the 
hyperbola is as follows. 


yA 
y=2V3x / 
2- 
; 
7 
y 
colle 
; 
(1/V3, 0) 
) . 
nh 
yi 
F 
; 
x 
; 
29 
\ 
y= -2/3x \ 


Solution 2.3 


To write the equation 162 — 8y? = 0 in the form of 
equation y? = 4az, we first rearrange the equation to 
isolate y? and obtain y? = 2”. Then we replace 2” by 
(4 x 4)a. Now 


y" = (4x s)a 


is in the form of the equation y? = 4az with a = 5. 
The graph of the parabola is as follows. 


ta 


Solution 2.4 


(a) Comparison with the equation of an ellipse in 
standard position, 2?/a? + y?/b? = 1, with 
vertices at (a,0), (—a,0), (0,6), (0, —b) gives 
a= 11 and b = 10, so the ellipse has equation 


2 y? 


Tai 190 
(b) Comparison with the equation of a hyperbola in 
standard position, x?/a? — y?/b? = 1, with 
vertices at (a,0) and (—a,0) gives a= 5. 
Comparison with the asymptotes y = +(b/a)a 
gives b/a = 2, so b= 10. The hyperbola thus has 


equation 
oe y? 
25 100 — 


(c) A parabola in standard position has equation 
y*? = 4az. If the parabola includes the point 
(1,—6), then a satisfies the equation 
(—6)? = 4a x 1, so a=9. The equation of the 
parabola is thus y? = 36z. 


Solution 3.1 


(a) (i) The equation 9x? + 49y? = 441 can be 
rearranged as 
2 2 
Cae 
7? 3? 
so a=7 and b=3. The eccentricity of this 
ellipse is 


s<5/ T= yO 
= ,/40/49 


=I, 


= 2/10 ~ 0.90. 
Thus 
ae =7 x 2V10 = 2V/10 ~ 6.32, 


7 


so the foci of this ellipse are the points (6.32, 0) 
and (—6.32,0). Also 


ale = 7/(2V10) = 49/(2V10) ~ 7.75, 


so the corresponding directrices of this ellipse 
are the lines x = 7.75 and x = —7.75. 


The foci and directrices are as follows. 


x= -7.75 ya 
(0, 3) 


x= 7.75 


(0, =a) 


(ii) The equation 6x? + 12y? — 3 = 0 can be 
rearranged as 


a2 y 


(vie GP 


so a= = ~ 0.71 and b= s. The eccentricity of 
this ellipse is 


1, 


Thus 

ae = a x a = 45, 
so the foci of this ellipse are the points (4,0) 
and (—4,0). Also 

a/e= ala =1, 


so the corresponding directrices of this ellipse 
are the lines x = 1 and x= —1. 


(b) From the solution to part (a)(ii), the eccentricity 
of the ellipse is Wot the focus F($, 0) 
corresponds to the directrix d with equation 
x = 1, and the focus F’(—4,0) corresponds to 


the directrix d' with equation x = —1. 
For the point P(s, ), 
dis = 
PF=+,-}, 
whereas 
2 ll an 
a 
=WB-3 
= PF 


bad, 
whereas 

ae 1 

_ i 1 

at Sa 


as required. 


For the point P(0,—4), 


PF = (0-4)? +((-})-0) 


11 


as required. For the second focus and directrix, 


PF’ = y/(0- (—3))? + ((-4) - 0? 


whereas 


ePd' = 4, x (0-(-1)) 


as required. 


Solution 3.2 


(a) 


12 


The equation 9x? — 25y” = 225 can be 
rearranged as 


a? 

52 32 
so a=5 and b=3. The eccentricity of this 
hyperbola is 


e= V/14+b2/a? = 1+ 9/25 = V34/5. 
Thus 
ae = 5 x 34/5 = V34, 


so the foci of this hyperbola are the points 


(34,0) and (—V/34,0). Also 
a/e = 5/(V34/5) = 25/V34, 


so the corresponding directrices of this hyperbola 
are the lines 7 = 25/1/34 and a = —25/V/34. 


The equation 3y? + 12 — 36x? = 0 can be 
rearranged as 


=1 


Es 


2 y? 


(/v3)2 


so a = 1/V3 and b = 2. The eccentricity of this 
hyperbola is 


e= V14+0/a? = 14 4/(1/3) = V13. 


Thus 


ae = 5 x f13 = 1/13/83, 


so the foci of this hyperbola are the points 


(,/13/3,0) and (—,/13/3, 0). Also 
1 
a/e= =, /vB= /1/39, 


so the corresponding directrices of this hyperbola 
are the lines 7 = 1/39 and x = —1/V39. 


=1 


? 


Solution 3.3 


The equation 16x — 8y? = 0 can be rearranged as 


y= 


(4 x 4) a, s0 a= 4. Thus the focus is the point 


(4,0) and the directrix is the line x = —4, as shown 
in the following figure. 


Solution 3.4 


(a) 


We are given that the eccentricity e = 0.6. As 
0 <e< 1, the conic is an ellipse and, as it is in 
standard position, its equation is of the form 
x? /a? + y?/b? =1. As we are given that one 
focus is at (6,0), we have ae = 6, so 


0.6a=6; thatis, a=10. 


To find the equation of the ellipse, we need the 
value of b. From the equation e = ,/1 — b?/a?, 


we have 


0.6 = \/1 — b2/102. 


Squaring each side gives 


b2 
0.36 = 1 — — 
100’ 


so 
b? = 100 — 100 x 0.36 = 100 — 36 = 64; 


that is, b= 8 (taking the positive square root, as 
the convention for standard form is to take 
b > 0). The equation of the ellipse is thus 


2 2 2 2 
10? 8? 
(Strictly speaking, we didn’t need to work out 
the value of b, as to answer the question we only 


needed the value of b?.) 


We are given that the eccentricity e = 6. As 
e > 1, the conic is a hyperbola and, as it is in 
standard position, its equation is of the form 


x? /a? — y?/b? = 1. As we are given that one 


directrix is « = $, we have a/e = $, so 
a 1 
-=-; thatis, a=2. 
6 3 


To find the equation of the hyperbola, we need 
the value of b. From the equation 


e= ,/1+ b?/a?, we have 
6= /14 02/22. 


Squaring each side gives 


2 


b 
36 =1+ — 
+7 


sO 
be =4x 36-4=144-4=140; 


that is, b = /140 (taking the positive square 
root, as the convention for standard form is to 
take b > 0). The equation of the hyperbola is 
thus 

2 2 2 2 


z y eee y 

ee eee ap 

2 (fide 7 a 140 
Since the focus (5,0) and directrix « = —5 are 


equidistant from the origin, this conic in 
standard position must be a parabola with 
a= 5. So the equation of the conic is 

y’? =4 x 52; that is y? = 202. 


Since the directrix is further from the origin 
than the focus, this conic in standard position 
must be an ellipse. The constants a and e must 
satisfy the equations 


a 
ae=2 and —-=8. 
€ 
Eliminating e from these equations gives 
a 16, 


so a = 4 (since a > 0). Substituting this value of 
a into the equation ae = 2 gives e = $. (Note 
that 0 < e < 1, as expected for an ellipse.) 


To find the equation of the ellipse, we need the 
value of b. From the equation e = \/1 — b?/a?, 


1 

~=/1-0)?/4?. 

ae | / 
Squaring each side gives 

1 b? 


a~ 16" 


sO 
b? = 16-—4=12; 


that is, b= 12 = 2/3. The equation of the 
ellipse is thus 


ge? y? qe y? 
——— = 1; that —+—=1 
p (Vp : hat is + 1D 
Solution 3.5 
(a) PF =\/(a—18)?+y? 
= 2? — 362 + 3244 y?. 


The point P could lie on the line d or either side 
of it. If P lies on the line, its distance Pd to d is 


0. If P lies to the right of d, Pd = x — 2; and if 
it lies to the left of d, Pd = 2—a2 = —(x — 2). 


The equation PF = 3Pd gives 


Vx? — 362 + 324+ y? = £3(ax — 2), 


with the sign of the RHS depending on which 
side of the line d the point P is situated. 
Regardless of the sign, squaring both sides of the 
equation gives 
x? — 362 + 324+ y? = 9(a — 2)?, 
= 9a* — 362 + 36. 


By cancelling and collecting like terms, we 
obtain 


8a? — y? = 288, 
and on dividing throughout by 288, we obtain 
2 2 
ie 24, 
36 288 


which is the equation of a hyperbola in standard 
position with a = 6 and b = 12v2. 


Solution 4.1 


(a) 


On collecting x and y terms, we obtain 
36(a? — 2x) — 25(y? + 4y) = 964. 

On completing the squares, we then obtain 
36((@ — 1)? — 1) — 25((y + 2)? — 4) = 964; 

that is, 
36(a — 1)? — 25(y + 2)? = 900, 


or 


(e-1? w+? _, 


25 36 
This is the hyperbola in standard position with 
a= 5, b=6, translated to have centre (1, —2). 
The hyperbola is as follows. 
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(c) On collecting y terms, we obtain 
(y? + 8y) — 122 + 40 = 0. 
On completing the square, we then obtain 
(y +4)? — 16 — 122+ 40 = 0; 
that is, 
(y +4)? = 122 — 24 
= 12(a — 2) = (4x 38) (a — 2). 


: 
=o 
ly 
ue 
(1, -2) 
= = 4 2. = 

A 

rie 

Zs 

as 


This is the parabola in standard position with 
a = 3, translated to have vertex (2, —4). 


The parabola is sketched below. 


Slope ae 
-6/5 


(b) On collecting x and y terms, we obtain 
A(x? + x) + 8(y? + 6y) = —41. 
On completing the squares, we then obtain 
4((e + 2)? — 4) + 8((y +3)? — 9) = 41; 
that is, 
A(x + 4)? + 8(y + 3)? = 32, 


or 


(c@+35)? | (y+3)? _ 
4 ea. 


This is the ellipse in standard position with 
a = 2/2 ~ 2.83, b = 2, translated to have centre 
(—3, —3). The ellipse is as follows. 


ya 


(-3.-3)) 


(-2V2-5, -3) (2V2- 4, -3) 


is 


(-3,-5) 


14 


Solution 5.1 


(a) This equation can be rearranged as 


y= ga = (4x §)a, 


so this is a parabola in standard position with 
a= z. The standard parametrisation is 


L= st, y= tt. 
(b) This equation can be rearranged as 
2 2 
a awe 
9 3/4 


so this is an ellipse in standard position with 
a=3,b= 4V3. The standard parametrisation 
is 


ee scot, y= eVsant (0<t< 27). 


(c) This equation can be rearranged as 


2 y? 


aa ee | 

1/7 1/4 , 
so this is a hyperbola in standard position with 
a=1/ V7, b= 4. The standard parametrisation 
is 


a 


Se y =} tant 


r= sect, 


1 te a 3 
(—9" <1 <9, 5 <i < 5a), 


Solution 5.2 


(a) From Exercise 4.1(a), we know that the equation 


36a? — 25y” — 722 — 100y — 964 = 0 can be 
rearranged as 
(w= 1)? _(y+2)? _, 
25 3600 


This is the hyperbola in standard position with 
a= 5, b=6, translated to have centre (1, —2), 
so a parametrisation is 


w=1+5sect, y=-—24+ 6tant 


(-in<t< gn,5n<t< Sn). 
(b) From Exercise 4.1(b), we know that the equation 
Ax? + 8y? + 4x + 48y + 41 = 0 can be rearranged 

as 
(z@+5)" | (y+3)? _ 
8 40 


This is the ellipse in standard position with 
a = 2\/2, b = 2, translated to have centre 
(—4,—3), so a parametrisation is 


ile 


c=—-442V2cost, y=—3+2sint 
(O<t< 2r). 


(c) From Exercise 4.1(c), we know that the equation 
y? — 12x + 8y + 40 = 0 can be rearranged as 


(y +4)? = (4 x 3)(x — 2). 


This is the parabola in standard position with 
a = 3, translated to have vertex (2,—4), soa 


parametrisation is 


g=24+3, y=—44 6b. 


Solution 5.3 


(a) The equations parametrise an ellipse in standard 
position with a = 4 and b= V7. The 
eccentricity of this ellipse is 

e= V1-—)?/a? 
= /1-7/16 


(b) The equations parametrise a parabola in 
standard position with a = 5. The eccentricity 
of any parabola is 1. 


(c) The equations parametrise a hyperbola 
congruent to the one in standard position 
parametrised by 


z=Asect, y=3tant 
(—in<t<4n,50<t< Sn). 
The eccentricty of both hyperbolas is 
e= Jit Pe 
~ /i+9/16 
= /W]I6 = §. 


Solutions for Chapter A3 


Solution 1.1 


(a) Note that the curves are congruent, and that the 
centres of k and L are at (0,0) and (5,—1), 
respectively. To map K onto L, we need to 
translate the points of K five units to the right 
and one unit down. Thus ¢ is the function 


t:R? —R 
(2,0) -—— (+ 5, — 1). 


‘oma onto we need to translate the 

b) To map L onto K, d to translate th 
points of L five units to the left and one unit up. 
Thus ¢ is the function 


t:R? — R’ 
Solution 1.2 


(a) The circle has radius 3 and centre (—4, 1), so it 
has parametric equations 

x=-—4+3cost, y=1+4+3sint 

Thus the circle has parametrisation function 

p: [0,22] — R? 

tr (—4+ 3cost,1 + 3sint). 


(0<t<2r). 
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(There are many other correct parametrisation 
functions.) 
This is an ellipse in standard position 
2 2 
x 
oe 
a b 
with a = V7 and b = V3, so it has parametric 
equations 


z= V7cost, 


= il 


y=vV3sint (0<t<2n). 
A suitable parametrisation function for L is 
therefore 
p: [0,27] — R? 
t-> (V7 cost, V3sint). 


This is a hyperbola in standard position 
ry? 
a 

with a = 2 and b= V5, so it has parametric 

equations 


=i, 


y = V5tant 
(-in <t<$n,$0<t< 3m). 


x = 2sect, 


A parametrisation function for the left branch is 
thus 


Dp: (47, 3m) —- R? 


t+ (2sect, V5 tant). 


Solution 1.3 


(a) 


16 


Let us first rewrite the equation of the curve in 
the form 


(a? + 2x) + 2(y? — 4y) =7. 
On completing the squares, we then obtain 
(x +1)? — 1) +.2((y - 2)? — 4) =7; 
that is, 
(x +1)? + 2(y — 2)? = 16, 


or 


(e+1? , (y~2) 


16 8 
It follows that the quadratic curve L is an ellipse 
with centre (—1,2) that can be moved into 
standard position by translating one unit to the 
right and two units down. The translation 
function that achieves this is 


t:R? — R 
(x,y) (a@+1,y—2). 


The image of L under t is the ellipse K with 
equation 


=I. 


2 2 
; y 

—e=l1. 
16’ 8 


(b) To map the image ellipse K back onto the 


quadratic curve L we need to translate it one 

unit to the left and two units up. The 

translation function that achieves this is 
t:R? — R? 

The ellipse z?/16 + y?/8 = 1 has parametric 

equations 
a=4cost, y=2V2sint (0<t< 2r). 


A suitable parametrisation function for L is 
therefore 


p: [0,27] —> R? 
tr (-1+ 4 cost, 2+ 2V2sint). 


Solution 2.1 


(a) The inverse of t_7,9 is t7,9. 


(b) The composite to,4 ot 3,1 is to 3,441 = t 3,5° 


Solution 2.2 


(a) The inverse of r_oq/7 is r_(_an/7), that is, roq/7- 


(The angle 27/7 lies in the interval (—7, 7].) 


(b) The composite r57/6 ° Tan/3 18 T3n/2 = T—n/2- 


(The angle 32/2 — 27 = —7/2 lies in the interval 
(—1, 7].) 


Solution 2.3 


(a) The required translation is 


tg, —4 : R? —- R? 


(x,y) —? (2 +9,y—4). 


b) The translation t,,, maps the point (2,4) to 
Pq 


(2+ p,4+4q). For this image to be the point 
(4,2), we require p = 2 and q = —2. Thus the 
required translation is 


to,-2 : R? —? R? 
(@,y) -—> (w+ 2,9 —2). 


The required rotation is obtained by 
substituting @ = —37 into 


ro: R? — R 
(x,y) > (xcos 6 — ysin@, zsin@ + ycos6@). 
Since 
cos(—37) =-4V2 and sin(—37) = —4v2, 
the required rotation is 


faq fat R? —> R? 


(2,y)' + (4V2(-@ + y), 4v2(-2 - y)). 


(d) The required reflection is obtained by 
substituting 6 = on into 


qo: R? — R? 


(x,y) +> (x cos(26) + y sin(20), x sin(20) — y cos(26)). 


Since 20 = 37 (i.e. 135°), we have 
cos(20) = —4V2 and sin(20) = 5Vv2. 
The function for the reflection in @ is therefore 
3r/8 * R? — R? 


(x,y) (3v2(-a + y), V2(@ +9). 


Solution 2.4 


(a) t1,-2 0 T_3n/2(2,y) = t1,-2(r_-30/2(2, y)) 
= ty,-2(—y, 2) 
(a8 rs/2(0-¥) = (9-2) 
= (-y+1,2—-2) 
(b) T_3n/2 © t1,-2(2,y) = T_3n/2(t1,-2(2, y)) 
= T_3n/2(@ + 1,y — 2) 
= (-(y—2),(@+1)) 
(as r_3n/o(x,y) = (—y, 2) 
= (-94+2,2+1) 
(c) Tan 0 Gn/a(@,Y) = T-0/2(Gn/4(Z, y)) 
= Tnfold, r) 
(as dr/a(v,y) = (y, 2) 
= (x, -y) 
(as r_x/2(z,y) = (y, —2)) 
(d) In /4° T_/2(X,Y) = In /a(?_n/2(X, y)) 
= In /4(Ys =a) 
= (-2,y) 
(as dx/a(z,y) = (y,2)) 


Solution 2.5 


(a) Since t_13(a,y) = («—-1,y+3) 
t_1,3(—2,-1) = (-2 —1,-1+3) = (-3,2), 
t_1,3(—1,1) = (—2,4), 
b.4.9(2,0) = (1,3) 
Since r(x, y) = (—2, —y), 
rx(—2,-1) = (2,1), 
r7(—1,1) = (1,-), 
r,(2,0) = (—2,0). 
Since go(,y) = (2, —y), 
qo(—2, —1) = (—2,1), 
go(—1,1) = (-1, -1), 
qo(2, 0) = (2,0). 


(b) 


(-2, 4) 


ya 
(2, 1) 
HAT) 
(-2, 0) x 
qd, -1) 
ya 
(-2, 1) 
GD 
Qo * 
(-1, -1) 
(c) f(x,y) = rr ot_13(2, y) 
= rr(t-1,3(2, y)) 
=r,(a@—1,y+3) 
= (-(2-1),-Y+3)) 
= (-#+1,-y—- 3) 
Thus 
ft=2, =1) — (3, —2), 
i(-1, 1) = (2, —4), 


f(2,0) = (-1, -3). 


ya 


J) 


(-1, -3) 


(2, -4) 


Solution 2.6 
(a) First 
h:R? — R 
(x,y) > (a, -y) 
and 
k:R? — R* 
(x,y) > (—a,y). 
Note that h = qo and k = qy/2. 
We have 
h(k(a,y)) = h(—a,y) = (—2, -y), 
so the required function is 
hok:R? — R? 
(x,y) > (—2, —y). 


This is the rotation r, about the origin through 
an angle 7. 


Solution 2.7 
For go f we have 
I f(a, y)) = 9(-#,y) = (—2,y — 3), 
so the required function is 
go f:R? —R 
(2, y) —> (—#,y — 3). 


We hope that you can recognise f as reflection in the 


y-axis; also g is a translation parallel to the y-axis 
(by three units down). Hence go f isa 
glide-reflection in the y-axis. 
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ay 


(3, -2) 


Solution 3.1 


We have 
sin (37) = sin (30+ 37) 
= sin (37) cos (47) + cos (37) sin (47) 
= (3v2) (3) - (4v2) (4v3) 
=1(v2- v6). 
Also 
cos (37) = cos (37 =e 37) 
= cos (37) cos (4m) — sin (3x) sin (2) 
= (42) (499) (9 


tan (47) + tan (47) 
1—tan (37) tan ($7) 


after rationalising the denominator. 


Solution 3.2 


(a) Putting 0 = 37 into the double-angle formula 


2tan 6 
tan(20) = 
anit) 1— tan? 0 
gives 
2 tan (4 
nies 


This can be rearranged to give the following 
quadratic equation for tan (Em): 


tan? (47) +2tan (47) —1=0. 
The quadratic equation formula then gives 


22—4x 1x (1) 
2 


tan (a7) = en 


= —14+Vv2 (since V8 = 2V2). 


Since 0 < gm < $7, tan ($7) is positive, so we 
take the positive square root in the formula 


above and obtain the exact value 


tan (47) = —1+ V2 (~ 0.414). 


(b) We have to show that 


2-V2 
V2 tp, 
2+ 72 
Since 
2-2 2-2 
2+ /2 2+/2’ 
it is enough to show that 
2- V2 
= (-1+ V2)’. 
2+ V2 


The RHS equals 
(-1+ V2)? =3—2V2; 


and the LHS equals 


2-V2_ (2-2)? 
G42 e2ieua/2) 
6 — 4/2 
a. 
=3-2V2, 


which equals the RHS, as required. 


Solution 3.3 


Since cos? @ + sin? 6 = 1 and cos@ = 4, we have 


sin?@=1—(4 


($= 43v2. 


Since @ is in the interval (—47, 0), sin @ is negative, so 
we need to take the negative square root; that is, 


sind = —3 V2. 
Then 
sin(20) = 2sin 6 cos 0 
=2x (-2 2) x 4 


Solution 3.4 


Since sec(20) = 5, we have 
eee 
sec(20) > 


sO 


sin 6 = 


cos(20) = 


Since 6 lies in ($77, 7), cos@ is negative and sin 0 is 
positive, so 


[1 (20) fl +5 
cos 6 = — Le cos(?6) 5 =~,/3, 


and 


1 — cos(26) 1-2 
sno = fae PLB 


Solution 3.5 


(a) Putting ¢= 
formulas 


3(A +B) and = 4(A-— B) in the 


sin(@ + 0) = sindcos@ + cos dsin 6 
sin(@ — 0) = sind cos @ — cos dsin 8 
gives the formulas 
sin A = sin($(A + B)) cos($(A — B)) 
+cos(5(A + B))sin(g(A—B)) (1) 
sin B = sin($(A + B)) cos($(A — B)) 
—cos($(A+ B))sin($(A— B)). (2) 


The sum of the LHS of equations (1) and (2) 
above, 


sin A+ sin B, 
then equals the sum of the RHS, which is 
2sin($(A + B)) cos($(A — B)); 
that is, 
sin A + sin B = 2sin($(A + B)) cos($(A — B)), 
as required. 


(b) Instead of taking the sum of the LHS of 
equation (1) and equation (2), as in the previous 
part, take their difference, 


sin A — sin B. 


This difference then equals the difference of the 
RHS of equation (1) and equation (2), which is 


2cos(4(A + B)) sin($(A — B)). 
Thus 
sin A — sin B = 2cos($(A + B)) sin($(A — B)). 


Solution 3.6 
Using the sum formula for cos(¢ + 6) with ¢ = 26, we 


obtain 
cos(30) = cos(20 + 6) 

= cos(20) cos 6 — sin(26) sin 6 

= (2cos? @ — 1) cos 0 — (2 sin cos 6) sin 0 
(using the double-angle formulas) 

= (2cos? @ — 1) cos 6 — 2(1 — cos” 6) cos 0 
(using the formula sin? 6 = 1 — cos? 6) 

= 4 cos? 6 — 3cos 0. 


Solution 4.1 
(a) Here A=1, B=4 and C=~—1. The inclination 
6 of L satisfies 
4 
tan(20) = T=) => 2. 


so d= 4 arctan 2 ~ 0.554 radians 


(approximately 32°). Since tan(20) = 2, the 
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20 


equations 


cos(20) = Se ; 
1+ tan?(26) 
sin(20) = pen) 
1 + tan?(26) 
give 
cos(20) = 1/V1+2? = a 
and 


: _ 2 
sin(20) = 2/142? = vt 


By the half-angle formulas, 


291 iS a 1 
cos 6=4(1+ +5) — re Eee 
an2y— 1 1\_1 1 
sin 6=3(1-) at eee 
and 
. ae eee ee 
sin #cos 6 = 5 x we = We" 
a ah oo (4.6) in Section 4 of L is obtained by rotating K anticlockwise by 
ee approximately 32°. (Note that 32° is a little 
A’ =1~x (3 +4 xz) +4x bL-1~x (G = xz) more than one-third of a right angle.) The 
a ae ve a aye sketch below includes the axes of symmetry of D 
=5x #F =A, and its asymptotes (although the latter are not 
essential). 
re 1 1 1 1,1 
Ci =1x ($- stg) -4x &-1x ($424) 
— = 
=-5 x a= V5. 
Since F’ = F = —4V/5, the equation of K is 
ay? 
V5a? — V/5y? — 4/5 =0; _ that is, 2 a 


Hence K is a hyperbola in standard position 
with a = 2 and b = 2, with vertices at (2,0) and 
(—2,0) and asymptotes 


2 
y ho 5” ~~ x ? 
as follows. 


(b) Here A= 8, B= —4,/3 and C =4. The 
inclination 6 of L satisfies 


—4V/3 

ET = 4/3 

8-4 v3; 

so 0 = $arctan(—V3) = —én (= —30°). Thus 


tan(20) = 


fl 
I 
3 
——— 
l 
Ico 


cos’ 0 = cos? (—47) 


sin? 0 = sin® (—bn) = (-4)? <b 


and Since F’ = F = 2, the equation of K is 


sin 0cos 0 = $V3 x (—$) = —4Vv3. 


= 
Hence, by equations (4.6) in Section 4 of ie 
Chapter A3, Hence K is an ellipse in reflected standard 


position with a = J ~ 0.71 and b = 1, and L is 


47 +2y?-—-2=0, that is, +y? =1. 


o— 3 _ 1 4 i 
eal ea 43) : ( 4 3) og obtained by rotating K anticlockwise by im 
=6+3+4+1=10, radians. 
C'=8 x }—(-4V3) x (—4v3) +4 4 
=2-343=2. 
Since fF’ = F = —2, the equation of K is 
102? + 2y?-2=0; that is cae =a 
y is | ? 1/5 y ee 


Hence K is an ellipse in reflected standard 
position with a = 7 ~ 0.45 and b = 1, and L is 
obtained by rotating K clockwise by 30°. 


(c) Here A= 3, B=2 and C =3. The inclination 6 
of L is ¢7, since A = C = 3, so 


cos? 6 = sin? 6 = sin @cos 6 = s. 


Hence, by equations (4.6) in Section 4 of 
Chapter A3, 


Al! =3x 


- +3xi=4, 
C’=3x5- 


2 
1 _ 
+3X5=2., 


Ze 
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